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ABSTRACT The deoxyhemoglobin S (deoxy-HbS) double strand is the fundamental building block of both the crystals of
deoxy-HbS and the physiologically relevant fibers present within sickle cells. To use the atomic-resolution detail of the
hemoglobin-hemoglobin interaction known from the crystallography of HbS as a basis for understanding the interactions in
the fibers, it is necessary to define precisely the relationship between the straight double strands in the crystal and the twisted,
helical double strands in the fibers. The intermolecular contact conferring the stability of the double strand in both crystal and
fiber is between the 6 valine on one HbS molecule and residues near the EF corner of an adjacent molecule. Models for the
helical double strands were constructed by a geometric transformation from crystal to fiber that preserves this critical
interaction, minimizes distortion, and makes the transformation as smooth as possible. From these models, the energy of
association was calculated over the range of all possible helical twists of the double strands and all possible distances of the
double strands from the fiber axis. The calculated association energies reflect the fact that the axial interactions decrease as
the distance between the double strand and the fiber axis increases, because of the increased length of the helical path taken
by the double strand. The lateral interactions between HbS molecules in a double strand change relatively little between the
crystal and possible helical double strands. If the twist of the fiber or the distance between the double strand and the fiber
axis is too great, the lateral interaction is broken by intermolecular contacts in the region around the 6 valine. Consequently,
the geometry of the 6 valine interaction and the residues surrounding it severely restricts the possible helical twist, radius,
and handedness of helical aggregates constructed from the double strands. The limitations defined by this analysis establish
the structural basis for the right-handed twist observed in HbS fibers and demonstrates that for a subunit twist of 8°, the fiber
diameter cannot be more than 300 Å, consistent with electron microscope observations. The energy of interaction among
HbS molecules in a double strand is very slowly varying with helical pitch, explaining the variable pitch observed in HbS fibers.
The analysis results in a model for the HbS double strand, for use in the analysis of interactions between double strands and
for refinement of models of the HbS fibers against x-ray diffraction data.
INTRODUCTION
Sickle-cell anemia is caused by a mutation that replaces a
glutamate at position 6 of the -chain of normal hemoglobin
(HbA) with a valine in sickle-cell hemoglobin (HbS). This
mutation plays an important role in the aggregation of
deoxygenated HbS molecules in erythrocytes and ultimately
causes the symptoms associated with sickle-cell anemia.
The crystal structure of deoxy-HbS (Wishner et al., 1975;
Padlan and Love, 1985a) revealed that the HbS molecules
are arranged in the crystal as half-staggered double strands.
The lateral molecular contacts between single strands within
a double strand involve the interaction of Val6 in the A helix
of the 2 chain in one HbS molecule with residues in the E
and F helices and EF corner of the 1 chain in an adjacent
molecule. In this paper those contacts are referred to as 6
contacts. Comparison of the refined structure of HbS with
that of HbA (Padlan and Love, 1985a) demonstrated that the
intermolecular interaction involving the 6 valine is accom-
modated by a bend in the A helix of which it is a part.
Without this distortion, close contacts around 6 valine
would prevent a stable intermolecular interaction.
The structure of the deoxy-HbS fiber comprises seven
half-staggered double strands that twist around one another
with an average helical pitch of 2900 Å (Dykes et al., 1979;
Carragher et al., 1988). The three-dimensional reconstructions
obtained by Edelstein and by Josephs agree on the overall
architecture of the HbS fibers, but differ in important details.
Ambiguity in the scaling of electron micrographs has led to
substantial discussion about the packing density within the
fibers (Cretegny and Edelstein, 1993; Watowich et al., 1993).
In addition to the physiological relevant fiber made up of
seven double strands, a variety of other polymorphic assem-
blies have been reported, including different crystal forms
(Wishner et al., 1975; Rosen and Magdoff-Fairchild, 1982;
Magdoff-Fairchild et al, 1982), macrofibers (Potel et al.,
1984; Bluemke et al., 1988), twisted crystals (Wellems and
Josephs, 1980), paracrystals (Bluemke et al., 1988), and
fascicles (McDade et al., 1989). Except for some of the
single crystals, all observed assemblies appear to be lateral
aggregates of double strands with different pitches and radii
(Makowski and Magdoff-Fairchild, 1986).
The similarity of x-ray diffraction patterns from HbS
fibers and HbS single crystals provides strong evidence that
the molecular arrangements in the fibers and the crystals are
very closely related (Magdoff-Fairchild and Chiu, 1979). It
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follows that the double strand is very similar in the two
structures. The correspondence of the x-ray diffraction pat-
terns from crystals and from fibers provides a basis for the
modeling of intermolecular interactions in HbS fibers,
based on the atomic coordinates obtained by x-ray crystal-
lographic studies of crystalline HbS. However, the helical
twist of the double strands in the HbS fibers (DSFs) pre-
cludes an arrangement identical to that of the straight double
strands in the crystals (DSXs). Transformation of a DSX
into a DSF requires distortion of the DSX, as shown in Fig.
1 where Fig. 1 a is a DSX, Fig. 1 b is a central DSF in which
the single strands twist around the fiber axis, and Fig. 1 c is
a noncentral DSF, in which the single strands twist around
a helix, which in turn twists around the fiber axis.
The correspondence between the x-ray diffraction pat-
terns from crystals and fibers indicates that the axial dis-
tance between HbS molecules in each single strand is iden-
tical for all double strands, regardless of radius. As shown in
Fig. 1, when reference molecules of every HbS double
strand are located at the same height (as indicated by the
broken lines at the bottom), the successive molecules along
the strand are all at the position of the third broken line, 64
Å above the bottom. This is also the condition for the
preservation of contacts among double strands (Magdoff-
Fairchild and Chiu, 1979). If each double strand in the fiber
had a different axial periodicity, there would be no regular
pattern of interactions among them, and a stable fiber would
not form. As can be seen in Fig. 1, the immediate conse-
quence of this is that the spacing of HbS molecules along
their helical path in a single strand in the fiber must be
larger than that along their straight path in the crystal. The
intermolecular spacing along the helical single strands in
Fig. 1 c must thereby be larger than the corresponding
spacing along the straight single strands in Fig. 1 a. This
effect increases with increasing radius of the DSFs.
When an HbS molecule is translated to the position of a
successive neighbor along the HbS strand, it has to be
rotated about the molecular axis by an angle equal to the
subunit twist of the fibers. This is required by the symmetry
of the fibers and can be seen in Fig. 1. The four chains of an
HbS molecule are indicated by demarcation curves on the
molecular surfaces in that figure. The changes of molecular
rotation along HbS double strands are indicated by varia-
tions in the demarcation curves in Fig. 1, b and c.
The transformation from DSX into DSF must occur with-
out severance of the 6 interaction that provides the stability
for the double strands. The first consequence of this require-
ment is that the relative height of two lateral neighbor mole-
cules within a noncentral double strand has to be changed. As
shown in Fig. 1 c, the lateral neighbor of the reference mole-
cule of a noncentral DSF is lower than that in a DSX or in a
central DSF. The second consequence is that each HbS mol-
ecule has to be tilted with respect to the fiber axis as the helical
path is, to preserve the intermolecular interactions as much as
possible. The third consequence is that the relative molecular
rotation between the two lateral neighbor molecules along a
DSF also has to be changed, compared to that in a DSX. This
change is too small to be observed in Fig. 1. In the geometric
transformation described below, the double strands are dis-
torted so as to maintain the 6 interaction and to conform to
the helical symmetry of the fiber while at the same time
distorting the geometry of the double strand as little as possible
from its structure in the crystal.
Edelstein transformed a DSX into the central DSFs by
rotations and inclinations, or tilts, of HbS molecules (1981).
Cretegny and Edelstein (1993) constructed HbS fiber mod-
els using a method in which all seven DSFs were formed
simply by rotations and tilts of the HbS molecules of the
DSX. However, for a noncentral DSF, this transformation
results in the two lateral intermolecular distances for a non-
central DSF being nonequivalent. One lateral distance may be
too large to make any intermolecular interaction, whereas at
the same time the other may be impossibly short. In other
FIGURE 1 (a) HbS double strand in the crystal. (b) Central DSF, an HbS
helical double strand with the fiber axis going through between the two
strands. (c) Noncentral DSF, an HbS helical double strand with 85 Å as the
distance from the fiber axis. The subunit twist for b and c is 8°. The HbS
molecule is represented by an ellipse. The regions of four chains within the
molecule are marked by demarcation curves. The molecular rotations may
be recognized by changes in these curves. 6 contact, the lateral intermo-
lecular interaction within HbS double strands, is represented by a black
spot. The first and the third broken lines go through the molecular centers
of two successive HbS molecules along a single strand in DSX, and
perpendicular with DSX. The middle broken line goes through the molec-
ular center of the lateral adjacent molecule within the DSX, and parallel
with the other two lines. DSFs in b and c were constructed using method
in this paper.
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words, the 6 contacts cannot be preserved by a transformation
of this kind. Furthermore, potential intermolecular penetrations
will occur in fibers transformed in this way.
Watowich et al. (1989, 1993) paid great attention to
constraining the distance between lateral adjacent molecules
within HbS double strands during the transformation from
crystal into fiber. They implemented this constraint by fix-
ing the molecular distance in the plane normal to the helical
path to be 46 Å. For higher resolution modeling, however,
the center-to-center distance should be fixed instead. The
reason for this is as follows: Double strands at higher radii
are stretched relative to those at lower radii because they
follow a longer helical path (as seen in Fig. 1). For the 6
contact to be maintained in the DSFs at higher radius, the
distance between single strands in the plane normal to the
helical path must decrease. Otherwise, the 6 contact will
be changed due to variation of molecular distance. The
method used by Watowich et al. may not seriously affect the
comparison of molecular models with a low-resolution
three-dimensional reconstruction from electron microscopy,
but may not be used for counting of residues contributing to
contacts or for calculation of intermolecular interaction en-
ergy as described here. In this work, the center-to-center
lateral molecular distance within the HbS double strand has
been fixed to be 56 Å.
In this paper we present a systematic analysis of the
geometric transformation of straight HbS double strands as
they occur in a crystal into the helical double strands found
in HbS fibers. A method is described for carrying out this
transformation while preserving the 6 interaction and min-
imizing all distortions to the double strand. This method is
then used to calculate the intermolecular interactions among
HbS molecules in double strands with a wide range of
structural parameters. The range of allowable structural
parameters for double strands is defined from this work. The
calculations demonstrate that the conditions required for the
stability of DSFs highly restrict the radius of HbS fibers,
their handedness, the orientation of the molecular axes of
the HbS molecules in the fibers, and the length of the axial
repeat distance of HbS fibers.
METHODS
Restraints on the transformation of DSX to DSF
Padlan and Love (1985b) analyzed in detail the molecular
contacts in the deoxy-HbS crystal structure, refined at a
resolution of 3.0 Å (Padlan and Love, 1985a), and compared
them with those in crystals of deoxy-HbA, deoxy-HbC, and
deoxy-HbF. Two sets of axial molecular contacts in deoxy-
HbS crystal are very similar to those in the other three
structures. However, the lateral molecular contacts between
deoxyhemoglobin single strands in HbS were not observed
in any of the others where no double strands were formed.
The quaternary structure of deoxy-HbS is almost identical
to those of deoxy-HbA and deoxy-HbC (orthorhombic
form). The only significant differences in the tertiary struc-
tures of the chains among these hemoglobin molecules is a
hingelike shift of the A helices of the 2 chain in the HbS
molecule. Without these shifts the lateral contacts between
the single strands in the DSX would be precluded by mo-
lecular interactions adjacent to Val 6.
Extensive experimental studies suggest that the lateral
intermolecular contacts, or the 6 contact, within the HbS
double strand are almost the same for the crystal and for the
fiber (Eaton and Hofrichter, 1990). In addition to the nec-
essary molecular inclinations in DSF (Edelstein, 1981), two
more geometric conditions are necessary for the preserva-
tion of the 6 contact along the entire double strand. First,
the lateral intermolecular distances (corresponding to the 6
contacts) should be the same for the DSX and for any DSF
in the HbS fibers. Second, the relative orientations between
the two molecules interacting through the 6 contact should
be half of the subunit (one subunit  two HbS molecules)
twist, i.e., 0.5 .
The x-ray diffraction pattern of an HbS fiber displays a
series of sharp meridional reflections (Magdoff-Fairchild
and Chiu, 1979). The repeat distance along the fiber axis
was obtained from the spacings in this pattern. At 64 Å, it
is very close to the unit cell parameter, a (63.3 Å), in the
crystalline HbS (Wishner et al., 1975). Consequently, any
possible model for the DSF has to satisfy the constraint that
the subunit rise along the fiber axis is 64 Å.
From these considerations, the restraints on the transfor-
mation of DSX to DSFs that were assumed in this work
were
1. The deoxy-HbS molecules are rigid during the trans-
formation.
2. The lateral molecular distances (6 contact distances)
are held fixed.
3. The relative orientation between lateral adjacent mol-
ecules is half of the subunit twist.
4. The subunit rise along the fiber axis is always equal to
64 Å.
Structural parameters of DSX
A DSX is drawn schematically in the fiber reference system
in Fig. 2. The fiber axis is chosen as the X axis. A molecule
in the double strand is designated by the character S or T,
denoting one of the two molecular strands, with a subscript
to indicate its position along the strand. Creation of the fiber
double strand involves adjustments of the molecular orien-
tations, shifts of S0 and T0 from their positions in the DSX
to their positions in the DSFs, and the generation of other
molecules of the DSF by the rotation of S0 and T0 by the
subunit twist and translation by the subunit rise. A successful
transformation will produce viable molecular interactions
along the entire double strand. There are four distinct interac-
tions in a double strand; two lateral, S0-T0 and S0-T1; and two
axial, S0-S1 and T0-T1. Accordingly, there are four indepen-
dent molecular distances, d1, d2, d3, and d4.
In addition to the subunit twist , we need two more
parameters to define a subunit of DSX. They are, as shown
Mu et al. Stability of HbS Double Strands 657
in Fig. 2, the distance between the mass center of the DSX
and the fiber axis, and , the angle between the line con-
necting the mass center and the fiber axis and the projection
of the line connecting S0 and T0. It will be shown that the
intermolecular interactions within a DSF are  independent
in most cases.
Another parameter that was initially taken into consider-
ation in our study of the intermolecular interactions within
DSFs is the difference between the molecular orientations
of an HbS molecule in a DSX and that in a DSF. Energy
calculations for DSFs with a wide variety of fiber twists,
radii, and angle  were carried out (see below). These
results indicated that the relative rotation between an HbS
molecule in a DSX and in a DSF that corresponds to an
energy minimum for the DSF is obtained only when the
relative orientation between molecule T0 in DSX and T0 in
DSF is 0.1  ( is the subunit twist)—less than a 1°
rotation for all viable fibers. As a result of these calcula-
tions, this relative orientation was not considered a variable
parameter for the remainder of this work.
In deoxy-HbS crystals the double strand has an approx-
imate twofold axis; that is, the repeating unit of the DSX is
a pair of molecules related to one another by a pseudo-21
axis. It is not clear whether the molecular interactions in the
crystal represent the low-energy state of the double strand or
if a closely related double strand with perfect 21 symmetry
would have a lower free energy but is not observed because
of crystal contacts. Consequently, we have chosen to carry
out calculations based on both the observed crystalline
double strand, DSX, and on a hypothetical double strand,
constructed computationally to have exact 21 symmetry.
The calculations described below were carried out for both
of these models, by the same method.
DSF construction
The procedure of transformation of DSX with structural
parameters of   8°, r  85 Å, and   90° into DSF is
shown in Fig. 3. The mass centers of molecules S0, T0, and
S1 of the DSX are marked as s0, t0, and s1, respectively, in
the fiber reference system XYZ, as shown in Fig. 3 a. They
are shifted to new positions s0, t0, and s1 after the transfor-
mation, as shown in Fig. 3 b. It is straightforward to calcu-
late the coordinates of point s1, the new position for mole-
cule S1, whereas s0, the mass center of molecule S0, is fixed
for convenience. As mentioned above, t0 should be equi-
distant from s0 and s1. There are infinite solutions for t0 in
a three-dimensional space. Only one that keeps the distance
between T0 and the fiber axis unchanged or changed to a
minimum extent is chosen as the final solution. The calcu-
lation is outlined in the Appendix.
A deformed HbS double strand is constructed on plane
xoy of a local reference system xyz as follows, as shown in
Fig. 3 c. The origin of the system is located at the mass
center of molecule S0, and its axes are parallel with those of
the fiber system. The intermolecular distances within the
deformed double strand are the same as those in Fig. 3 b.
The relative orientation between molecule S0 and S1 is equal
to the subunit twist ; that between S0 and T0 is equal to
half the twist, 0.5 . The points s0, t0, and s1 in Fig. 3 b may
be translated to the local reference system, with s0 coincid-
ing with the origin. They compose a target of the transfor-
mation. The deformed double strand is then rotated as a
rigid body by three Eulerian angles, so that the mass centers
of three molecules coincide with three points of the target.
After the rotations molecules S0 and T0 compose the subunit
of the DSF corresponding to the parameters , r, and .
The subunit is moved back to the fiber reference system
and is imposed by the fiber symmetry to generate the whole
double strand.
Energy calculations
Energy calculations were carried out by the method of
Wodak and Janin (1978). The intermolecular energy of
interaction between proteins in solution may be approxi-
mated by the sum of hydrophobic bond energy and the
nonbonded van der Waals energy (Wodak and Janin, 1978).
Other energy terms, like hydrogen bond and electrostatic
interaction, contribute very little because they are almost the
FIGURE 2 A double strand, composed of deoxygenated sickle cell he-
moglobin molecules, in the untwisted state as in the crystal, but drawn in
the fiber reference system. The repeating unit of the double strand contains
two molecules, S0 and T0. The fiber axis is taken as the X axis of the
system. The Y axis goes through pointM, the projection of the mass center
of the double strand onto the YOZ plane. The Z axis is chosen to make the
system right-handed. r, equal to OM, is defined as the radius of the double
strand. The angle  is defined as the angle between the Y axis and the
projection of the line connecting molecules S0 and T0. There are four
independent molecular distances: d1  S0–T0, d2  S0–T1, d3  S0–S1,
and d4  T0–T1.
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same for the protein-protein interactions as they are for
protein-solvent interactions. To estimate the protein-protein
interaction energy, a simplified protein model is used in
which each residue is represented by a sphere centered on
its side-chain centroid (-carbon atom included), and all of
the atomic interactions are replaced by interactions among
these spheres (Levitt, 1976; Wodak and Janin, 1978).
This model has been applied by Janin and co-workers to
predict the structure of a protein-protein complex between
the -lactamase TEM-1 and the -lactamase inhibitory pro-
tein (BLIP) in a complicated docking procedure. They cor-
rectly deduced the general mode of binding of the 165-
amino acid inhibitor (BLIP) to the 262 amino acid enzyme
(TEM-1 -lactamase), as did five other research groups for
the same complex, using different docking programs and
more detailed descriptions for protein molecules (Strynadka
et al., 1996).
Neglecting hydrogen and ionic bonds in the energy cal-
culation should work particularly well for the molecular
interactions within HbS double strands, because the molec-
ular interactions in the HbS crystal are predominated by
hydrophobic and van der Waals-type interactions (Padlan
and Love, 1985b). The first lateral contact, the S0-T0 con-
tact, involves 37 atom pairs, with only one potential hydro-
gen bond and no ion pair interactions. In the 72 atom pairs
in the second lateral contact, or S0-T1 contact, there are
only four potential hydrogen bonds and one ion pair. The
first axial contact (S0-S1 contact) involves 51 atom pairs
with one potential hydrogen bond and no ion pairs; and in
the 58 atom pairs involved in the second axial contact
(T0-T1 contact), there are only four potential H-bonds.
The hydrophobic bond energy comes from the reduction
of accessible surface area (ASA) of residues when protein
molecules interact. ASAs were calculated using an analyt-
ical approximation formula (Wodak and Janin, 1980), with
a factor of 47 cal/mol/Å2 to convert the ASA to free energy
(Sharp et al., 1991). The simplified protein model of HbS
was constructed from the atomic coordinates of the refined
deoxy-HbS crystal structure at 3.0-Å resolution, as depos-
ited in the Protein Data Bank (Padlan and Love, 1985a;
Bernstein et al., 1977). The spherical radii of the 20 residues
were taken from Levitt (1976).
For a DSX, the resulting intermolecular energies were
calculated to be S0-T0, 42.33 kcal/dimer; S0-T1, 47.97
kcal/dimer; S0-S1, 29.85; T0-T1, 32.37 kcal/dimer. The
lateral and the axial energies are 90.20 kcal/dimer and
62.22 kcal/dimer, respectively. The total energy change
for formation of a DSX is 152.41 kcal/dimer. Note that
the contacts associated with the largest energy changes are
the two 6 (lateral) contacts.
RESULTS AND DISCUSSION
The polymorphism of HbS aggregates (Makowski and
Magdoff-Fairchild, 1986) indicates that the double strand
may exist over a wide range of parameters r, , and .
Consequently, DSXs were transformed into DSFs for a very
wide range of parameters. For comparison, the hypothetical
straight double strand, comprising two HbS molecules re-
lated by a real 21 symmetry, were transformed into a helical
double strand, also for a wide range of parameters. In both
cases, helical double strands were constructed for radii r
from 0 to 200 Å in steps of 10 Å, subunit twist  from10°
to 10° in steps of 1°, and  from 0° to 360° in steps of 10°.
A wider range of parameters was covered for the transfor-
mation of DSX into DSF. The radius r was extended to 400
Å, 500 Å, 700 Å, 840 Å, and 1050 Å for   2°, 1.5°, 1.0°,
0.8°, and 0.6°, respectively; angle  varied from 0° to 360°
FIGURE 3 Transformation of DSX into DSF. (a) Starting positions of
three representing molecules of an HbS double strand in the fiber reference
system XYZ. s0, t0, and s1 are mass centers of molecules S0, T0, and S1 of
DSX, with parameters   8°, r  85 Å, and   90°. (b) New positions
of three molecules after the transformation of the DSX into DSF in the
same reference system. s0 is fixed during the transformation for conve-
nience. The molecular distance between t0 and s1 is equal to that between
t0 and s0. The distance between molecule T0 and the fiber axis is fixed
during the transformation in most cases. A small adjustment (no larger than
0.4 Å) for this distance has to be made when r and/or  is large and  is
close to 0° or 180°. (c) Creation of a deformed double strand. xyz represents
a local reference system with its origin located at s0 and axes parallel with
those of the fiber system. Molecules S0, T0, and S1 are placed at the origin,
axis ox, and on plane xoy, respectively. Intermolecular distances are the
same as those between points s0, t0, and s1 in b. The relative molecular
orientation between S0 and S1 is equal to the subunit twist , and that
between T0 and S0 is half of the twist, 0.5 . The deformed HbS double
strand, comprising these molecules, involves structural information about
the relative positions and relative orientations in the DSF, transformed
from DSX with parameters   8°, r  85 Å, and   90°. (d) Rotations
of the deformed double strand. The points s0, t0, and s1 in b are translated
as a rigid body in the local reference system xyz, where s0 coincides with
the origin. These points, marked with black spots in the figure, compose a
target for the transformation. The deformed double strand is then rotated by
three Eulerian angles as a rigid body, so that the mass centers of three
molecules coincide with three points of the target. The molecules S0 and T0
after these rotations comprise the subunit of the DSF, corresponding to
parameters , r, and .
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in steps of 10° for each set of r and . A total of 50,000 DSF
models were examined. In addition to all DSFs observed in
various aggregates of HbS molecules, many of them are
unknown or hypothetical.
Every DSF model has been scored by associated energies,
including two lateral interactions and two axial, within the
double strand. As shown later, when transformed from
DSX, all observed DSFs have high scores, whereas those
with very low scores have never been observed.
The energies calculated by the Wodak-Janin technique
provided not only scores for DSF models, but also infor-
mation about structural properties of the intermolecular
interactions within DSF.
In the three-dimensional parameter space of the DSF
models, there is a low-energy region where the total inter-
action energies within a DSF are equal to or very close to
that of a DSX. The energies in other parts of the space are
much higher. In the low-energy region, the energies within
the DSF are nearly independent of the angle . Conse-
quently, we may conveniently analyze this region with a
two-dimensional map, exploring dependence on r and ,
and ignoring . Outside this region the energies are both
high and very  dependent.
Intermolecular energies within a DSF
The total interaction within a DSF in the low-energy region
was averaged over the whole range of , from 0° to 360°,
for every parameter set of r and , and standard deviations
were calculated. When the energy is lower than 106 kcal,
or 70% of the energy of a DSX, the standard deviation is not
larger than 4 kcal. As shown in Table 1, the standard
deviation is usually less than 1% of the mean for radii from
0 to 100 Å and for a subunit twist from 3° to 8°, with a
few exceptions, where the standard deviation is less than 2%
of the mean. This confirms that the molecular interactions
within the DSF are -independent over wide ranges of r
and .
It is shown in Table 1 that the energies are also insensitive
to the radius r. When   8°, the energy is almost a constant
for r  0–40 Å, and only changes gradually for larger r. The
energy coefficient is as small as 0.33 kcal/Å for noncentral
DSFs, where r is 30–100 Å. The major factor in the energy
dependence on radius of the double strand in these ranges of
parameters is the stretching of the strand at progressively larger
radii. For a radii of 100 Å and a subunit twist of 8°, the axial
interaction distance s0s1 has increased from 64 Å to 65.5 Å.
TABLE 1 The interaction energies within HbS double strands*#
r/Å 0 10 20 30 40
/°  4 100.0 100.4  0.3 100.5  0.7 100.4  1.2 100.2  1.8
3 134.0 133.9  0.1 133.6  0.2 133.6  0.4 133.4  0.3
2 148.3 148.3  0.0 148.1  0.1 148.0  0.1 147.7  0.1
1 152.9 152.8  0.1 152.7  0.1 152.7  0.1 152.7  0.1
0 152.4
1 151.8 151.8  0.0 151.8  0.0 151.8  0.0 151.7  0.0
2 148.9 148.8  0.0 148.8  0.0 148.7  0.0 148.3  0.3
3 146.9 147.0  0.3 147.0  0.3 146.7  0.3 146.3  0.3
4 146.4 146.1  0.3 146.0  0.1 145.6  0.0 144.8  0.3
5 145.3 145.3  0.1 145.1  0.2 144.4  0.2 143.8  0.5
6 144.1 144.2  0.3 143.8  0.3 143.2  0.5 142.2  0.5
7 142.3 142.3  0.2 141.7  0.3 140.9  0.4 139.4  0.4
8 140.2 140.2  0.5 139.7  0.4 139.3  0.7 138.3  0.8
9 137.6 136.9  0.3 136.4  0.4 134.8  0.3 132.9  1.0
10 131.1 130.7  0.3 129.5  0.6 127.3  0.9 124.7  1.9
50 60 70 80 90 100
100.0  2.0 99.4  2.2 98.4  2.4 96.9  2.5 94.4  2.3 91.2  2.4
133.1  0.4 132.5  0.5 131.7  0.5 130.9  0.6 129.7  0.7 128.3  0.8
147.4  0.2 147.0  0.2 146.6  0.2 146.4  0.5 146.1  0.6 145.7  0.6
152.6  0.1 152.5  0.1 152.4  0.1 152.3  0.1 152.2  0.1 152.0  0.1
151.6  0.0 151.6  0.0 151.5  0.0 151.4  0.0 151.3  0.0 151.2  0.0
148.1  0.3 147.8  0.3 147.6  0.2 147.2  0.2 146.9  0.3 146.4  0.3
145.8  0.3 145.2  0.3 144.6  0.3 144.0  0.6 143.3  0.6 142.6  0.6
144.1  0.5 143.3  0.7 142.3  0.8 141.0  0.5 139.6  0.5 138.1  0.4
142.7  0.7 141.3  0.6 139.7  0.5 137.9  0.4 136.1  0.4 134.5  0.4
140.8  0.4 138.8  0.5 136.8  0.5 134.4  0.4 132.0  0.5 129.1  1.0
137.6  0.3 135.9  0.8 133.7  0.6 131.1  0.4 128.5  1.0 124.8  1.3
136.2  0.8 133.1  1.1 129.8  1.3 126.4  2.0 121.4  2.0 116.1  1.9
130.1  1.4 126.4  1.5 122.8  1.8 117.7  2.0 112.1  2.1 105.8  2.2
120.7  2.3 116.1  2.3 110.8  2.3 105.1  2.7 98.1  2.9 89.8  3.7
*The energy includes two lateral and two axial interactions.
#The energy is averaged over the whole range of  (0° to 360°).
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This decreases the number of residues involved in the axial
contact, and decreases the interaction energy.
Handedness of DSF
The energies, averaged over the whole range of angle , 0°
to 360°, in a wider range of r and , are shown in Fig. 4 a,
where five energy levels, 0.9Ex, 0.8Ex, 0.7Ex, 0.6Ex, and
0.5Ex (where Ex is the total intermolecular interaction en-
ergy for a DSX), are represented by different hatched pat-
terns. Any DSF with   3° is energetically most un-
likely. According to these calculations, any DSF with
3° 4° is possible, even for relatively large radii. For
a subunit twist larger than 3°, the angle must be positive,
and r should not be larger than a limited value, e.g., 80 Å for
  8°. The energy difference between a DSF with   8°
and a DSF with   8° is very large. Fig. 4 a thereby
demonstrates that HbS fibers with a subunit twist of more than
3° must be right-handed. This is consistent with experimental
observations (Dykes et al., 1979; Lewis et al., 1991).
The double strands in the crystal lack a perfect 21 screw.
It is not clear whether the deviation from 21 screw symme-
try in the crystal is due to adventitious crystal contacts or to
physiologically important intermolecular interactions. A dou-
ble strand with perfect 21 symmetry can be constructed from
the averaged coordinates of two HbS molecules in the crystal.
In Fig. 4 b, the energy map for an averaged double strand
with true 21 symmetry between molecule S0 and T0 is
calculated for comparison with that of the crystal double
strand having only approximate 21 symmetry (Fig. 4 a). Fig.
4 b still reflects the handedness of the HbS fiber, but not
quite as strongly as Fig. 4 a.
Axial and lateral interactions within DSF
The transformation method described in the Methods auto-
matically preserves the lateral molecular distances. But the
axial distances change with variations in the structural pa-
rameters , r, and . It is expected that the axial interactions
change with structural parameters in a way that is different
from the manner of change of lateral interactions.
The curves of E versus r for lateral interactions, axial
interactions, and the sum of the two, of a DSF with   8°,
are plotted in Fig. 5. The axial interaction energy increases
with increasing r and approaches zero asymptotically. The
lateral interaction energy remains constant ( 5%) and
equal to that of a DSX, for r less than 100 Å, and then
increases sharply when r 	 120 Å.
The variations in axial and lateral interaction energies
reflect changes of two kinds in the molecular contacts. The
number of axial residue contacts gradually decreases with
increasing r, because of stretching of the molecular strand,
and the axial interactions accordingly become weaker. In-
variance of lateral molecular distances results in consistency
of lateral interaction energy over a wide range of r and .
However, for large r and/or , the relative molecular ori-
entations lead to very short residue-to-residue distances in
the 6 region and preclude the 6 contact from being
maintained. In this case, the energy calculation results in
very high values due to physically impossible molecular
interpenetrations.
Limitation of radial distance and subunit
twist of DSF
Curves of lateral interaction energies versus r, like those in
Fig. 5, can be drawn for various values of  and . Both the
total and lateral energies are nearly  independent over wide
ranges of r and . It is more convenient to analyze these
energies on a two-dimensional energy map, as shown in Fig.
6 a. Inside the hatched area of the map the lateral energy of
DSF is within 5% of that of a DSX, and it is larger outside.
FIGURE 4 (a) The contour map of molecular energies within DSF. The
five hatched patterns, from dark to light, represent energy levels of 0.9Ex,
0.8Ex, 0.7Ex, 0.6Ex, and 0.5Ex, where Ex is the energy within a DSX.
Energies outside the hatched regions are higher and are very dependent on
. DSF and the fibers have to be right-handed if the value of the subunit
twist is large. (b) The corresponding energy map for an averaged double
strand with a true 21 between the molecules S0 and T0, where the residue
positions were obtained by averaging over the two molecules in the crystal.
(b) is more symmetrical about   0 than is (a), failing to predict the
handedness of the HbS fiber.
Mu et al. Stability of HbS Double Strands 661
The energy in the hatched region can be considered con-
stant, given the approximate nature of the energy calcula-
tions. It is well known that the lateral intermolecular inter-
action, with the participation of 6 Val, is essential for the
formation of HbS fiber. Any acceptable model for DSF
must possess a lateral energy of interaction adequate to
stabilize the fiber. Fig. 6 a confirms this issue quantita-
tively; any viable DSF has approximately the same lateral
interaction energy as a DSX. It follows that the hatched
regions in Fig. 6 a represent those parameters consistent
with a stable DSF. The allowed subunit twist is never less
than 1.5° or larger than 8°, and the maximum value of r,
rmax, is 120 Å for   8°, and increases as  decreases.
The maximum possible radius for a double strand appears to
vary linearly with subunit twist, as shown in the upper
right-hand part of Fig. 6 a. A more complete curve of rmax
versus  is shown in Fig. 7, which demonstrates that the
relationship is linear over the range of   48°, but
deviates from linear for smaller values of . The curve
approaches an infinitely large value of rmax as  approaches
0. This corresponds to where the DSF becomes a DSX, and
the infinite radius corresponds to the essentially unbounded
packing of double strands in the crystal.
The limitations for the parameters r and  of DSF cor-
respond to the limitations on the radial size and the long
axial period of an HbS fiber. The transverse fiber size, R, is
larger than rmax by an amount approximately equal to the
radius of the HbS molecule, i.e., R  rmax 
 27 Å, where
27 Å is the radius of an HbS molecule. The curve of 
versus rmax is redrawn as a curve of p, the pitch or long
period of a helix with angle , against rmax, as shown in Fig.
7. This curve corresponds closely to the experimental curve
of pitch versus radius for various aggregates of sickle cell
hemoglobin (Makowski and Magdoff-Fairchild, 1986),
which is superimposed on the theoretical curve in Fig. 7.
As shown in Figs. 4 a and 6 a, the total intermolecular
energies, especially the lateral energies, within an HbS
double strand may be constant over a very wide range of
parameters r and . That is why HbS aggregates are so
polymorphic, and why a cumulative azimuthal disorder is
observed in HbS fibers (Carragher et al., 1988).
The corresponding lateral energy map for a 21-averaged
double strand is shown in Fig. 6 b for comparison. It is not
consistent with the variety of fiber forms observed and
suggests that the 21 model is an inadequate basis for con-
structing double strands.
FIGURE 5 The curves of E against r for axial, lateral, and total molec-
ular energies within DSF for a subunit twist of 8°. The axial energy
decreases gradually with increasing r and asymptotically approaches zero,
whereas the lateral energy remains unchanged before r reaches 90 Å, and
increases abruptly afterward.
FIGURE 6 (a) Energy map for lateral interaction. The dark area repre-
sents the region of parameters r and  of DSF, whose lateral molecular
energies are equal to those of DSX within 5%. The upper right edge of
the dark region represents the maximum r for various values of . (b) The
lateral interaction energy for a 21-averaged double strand.
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Residue contacts within DSF
Two criteria have been used to count residues in contact
within an HbS double strand: the 5-Å criterion, in which all
residues containing an atom within 5 Å of an atom in a
neighboring molecule are considered as those participating
in a contact (Wishner et al., 1976; Rosen and Magdoff-
Fairchild, 1982); and the sum of van der Waals radii crite-
rion, in which all residues are included as being in contact
if they contain an atom whose van der Waals radius over-
laps with that of an atom in a neighboring molecule (Padlan
and Love, 1985b).
These criteria are not readily applied to the simplified
protein representation used here. Although a complete list of
atomic coordinates could be reconstructed from the simpli-
fied representation, the approximations implicit in the en-
ergy calculations do not warrant this level of precision.
Consequently, the contact criterion used was as follows. A
residue of one molecule is listed as participating in a contact
only when its distance from a residue of a neighboring
molecule, d1–2, satisfies
d12 r2 r2 s
where r1 and r2 are the radii of the spheres, representing the
two residues, and s is an adjustable distance in the analytical
approximation formula for computing of the accessible sur-
face area (Wodak and Janin, 1980). For a hard sphere
residue, s is equal to 2.8 Å, twice the van der Waals radius
of a water molecule. Usually, however, the spheres repre-
senting the residues are allowed to penetrate to a small
extent, and a smaller s is used. As recommended by Wodak
and Janin (1980), 2.5 Å was used in this work. This criterion
reflects the fact that a residue of one molecule will contrib-
ute to hydrophobic interactions with another molecule, only
when it is within d1–2 of a residue of the second molecule.
Residues participating in the four kinds of contacts in the
DSX and in two different DSF, as defined by this criterion,
are listed in Fig. 8. Residue pairs in contact were connected
with straight lines. Residues listed in bold make contacts
with at least three residues of the neighboring molecule,
indicating that they are important for the molecular contact.
In all cases, the Val 6 of the 2 chain makes the most
contacts with the lateral adjacent HbS molecule. For the
lateral interactions, Thr87 of the 1 chain is of an impor-
tance comparable to that of Val 6.
We compared Fig. 8 a with the contact listing provided
by 5-Å criterion for double strands with a true 21 symmetry
in crystalline HbS (Wishner et al., 1976). The listings of
axial contacts are identical. It is more difficult to make a
comparison for the lateral contacts because of the obvious
nonequivalency of the two lateral contacts in Fig. 8 a. The
main features of lateral contacts are similar in the two
listings, with most differences occurring among residues at
the edge of the contact zone, and usually making only one
contact.
The first and second lateral contacts within DSX involve
36 and 52 residue pairs, respectively, as defined by our
simplified molecular representation, and are indicated in
Fig. 8 a. Padlan and Love (1985b) counted 37 atomic pairs
for the first lateral contact and 72 for the second. The
contacts in DSFs with parameters  of 8°, r of 40 Å, and
  0° or 90°, are enumerated in Fig. 8, b and c. There are
39–40 and 44–45 residue pairs in the first and second
lateral contacts, respectively. Surprisingly, the two lateral
contacts are more symmetrical in these helical structures
than in the crystal. Pointing out the nonequivalence of the
two contacts in crystalline HbS, Padlan and Love (1985b)
suggested that “if the two lateral contacts are made equiv-
alent . . . , then a helical double strand would be produced.”
The number of residue contacts varies as a function of the
radial distance of DSF from the fiber axis, as shown in Fig.
9 for   8° and   90°. The number of axial contacts
decreases with increasing r as expected, because of the
stretching of the double strand, whereas lateral contacts
change little over the range r  080 Å. When r 	 100 Å,
the number of lateral contacts increases, as shown by the
dotted line in Fig. 9. But most of these are forbidden
interactions, because of intermolecular interpenetration that
forces the intermolecular interaction energy to become pos-
itive. We examined distances between residues from two
lateral adjacent molecules for the DSF. Some of these
distances decrease with increasing r when r 	 80 Å, and
eventually form forbidden overlaps as the value of r be-
comes even larger. It is these forbidden interpenetrations in
the 6 contact region that are responsible for restricting the
transverse size of the HbS fiber for a given .
From the above results we conclude that the major factor
forming and stabilizing an HbS double strand in the crystal
or in any of the observed helical structures is the 6 con-
tacts. The major factor limiting transverse size of any struc-
ture, comprising HbS double strands, is close contacts in the
6 region that preclude the maintenance of the 6 contact
FIGURE 7 The relationship between p, the pitch of the helix, and rmax,
the maximum allowed radial distance, and the relationship between , the
subunit twist of helix, and rmax. The observed data (E) and the least-
squared fitting line with slope of 32.44 (–  –) were taken from Makowski
and Magdoff-Fairchild (1986).
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for certain pairs of r and . The axial interactions decrease
gradually with radial growth of the HbS helical structure, as
shown in Figs. 5 and 9 of this paper, and figure 3 of
Watowich et al. (1989). Although the loss of axial interac-
tions may be compensated for by formation of new inter-
double-strand interactions and entropy gain in higher radius
double strands, for any given , at some rmax forbidden
molecular interpenetrations in the 6 contact region will
preclude further radial growth of the fiber.
Orientation of molecular axis of DSF
Polarized absorption measurements have placed a critical
constraint on models for HbS fibers by determining that the
angle between the molecular axis and the fiber axis must not
be larger than 22° (Hofrichter et al., 1973). The molecular
orientation angles of the two HbS molecules in DSF, trans-
formed from DSX to DSF by the transformation method
described above, were calculated over the entire range of 
angles, over radial distances from 0 to 200 Å, and with a fixed
subunit twist  8°. These results are summarized in Fig. 10,
FIGURE 9 The number of lateral contacts (upper curve) and axial con-
tacts (lower curve) plotted against r for   8° and   90°. The number
of axial contacts decreases with increasing r, as expected. The number of
lateral contacts, however, increases with increasing r, because of the
formation of forbidden interpenetrations of adjacent molecules.
van der Waals diameter of a water molecule. The upper left, upper right,
lower left, and lower right charts in each figure represent the molecular
interactions of S0-T0, S0-T1, S0-S1, and T0-T1, respectively. The residues,
the names of which are printed in bold, are important for the molecular
contact. They make contacts with at least three residues of a neighboring
molecule. The residue valine, 6 of the 2 chain, makes the most contacts
with a laterally adjacent molecule in all cases. The listing is based on a
simplified protein model in which the residue is replaced by a sphere. The
number of residues in molecular contacts is probably overestimated. A
comparison is made with a listing of residues in contact, based on atomic
coordinates (marked with underlines in a), in HbS crystal (Padlan and
Love, 1985b).
FIGURE 8 Listing of the residues participating in molecular contacts in
(a) DSX; (b) DSF with   8°, r  40 Å, and   0°; (c) DSF with  
8°, r  40 Å, and   90°. A residue is listed here when the distance from
it to a residue in a neighboring molecule is equal to or less than a special
value. This value is a sum of the radii of the two spheres representing the
two related residues in the simplified protein model, plus 90% of the
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in which the shaded region is forbidden because at least one
molecule of the DSF possesses an orientation angle larger than
22°. As shown in the figure, any DSF with r  80 Å has
molecular orientation angles consistent with observations.
Molecular stagger in DSF
The molecular stagger, defined as the axial spacing (along
the fiber axis) between the two representative molecules in
a DSF (e.g., S0 and T0), changes with variations in structural
parameters , r, and . The curves of h, molecular stagger,
versus  for   8° are shown in Fig. 11, where the dotted
line is for r  50 Å and the solid line is for r  90 Å. The
axial distance from S0 to S1 is always 64 Å. So, if the
stagger between S0 and T0 is 32 Å , the stagger between
T0 and S1 is 32 Å 
 . In the crystals the stagger is always
32 Å. Deviation of the stagger in DSF from 32 Å is an
unavoidable consequence of the consistency of the lateral
molecular distance. The stagger may also be calculated from
the double-strand tilting (Lewis et al., 1994).
In this study, helical HbS double strands have been con-
structed in a wide range of structural parameters, including
all of the observed polymorphic aggregates of HbS. The
assumptions made in this construction were that the HbS
molecules can be considered rigid; that the 6 contact distance
(lateral contact distance) is kept constant during the transfor-
mation from a crystalline double strand to a fiber double
strand; that the relative orientation between lateral adjacent
molecules is set as half of the subunit twist; and that the subunit
rise (along the fiber axis) is constant at 64 Å, as indicated by
x-ray diffraction data. The stability of HbS double strands has
been analyzed by using these models.
The properties of the helical double strands constructed in
this way are consistent with the observed properties of the
known aggregates of HbS. The contact of Val 6 of the 2
chain of hemoglobin S is of paramount importance in the
stability of all of the model double strands constructed. The
energetics of the constructed models correctly predict the
limiting diameter of the physiologically relevant seven dou-
ble-strand fibers, the handedness of these fibers, and the
molecular orientations within these fibers. Furthermore, the
molecular origins of these effects can be mapped to specific
substructures in the HbS molecules by using these models.
The approximate method of energy calculation, devel-
oped by Janin and co-workers, was applied in the docking
problem. When the structure of a protein-protein complex
was predicted, several candidate models were selected by
this technique. The selection of candidate solutions is the
first and critical step of the whole docking procedure. The
Wodak-Janin technique performs no worse than others in
which a full atomic description is used, and more energy
terms, including ionic interactions, hydrogen bonds, etc.,
are involved (Strynadka et al., 1996; Chefils et al., 1991).
The assumption made in the approximation about the
omission of ionic interaction and hydrogen bonds worked
well for the interactions within the HbS double strand. It is
well known that in crystalline HbS there are 281 atomic
pairs for interactions within a HbS double strand. Only one
of them is ionic, and 10 are potential hydrogen bonds. In
other words, more than 96% of molecular interactions
within the double strand are hydrophobic. In contrast, in the
protein-protein complexes tested by Janin, about one-third
of residue contacts are hydrogen bonds.
This technique, however, cannot be used to obtain the
absolute value of molecular interaction energy.
FIGURE 10 Map of the allowed values of parameters r and  for DSF
with subunit twist of 8°. When parameters r and  of a DSF fall in the
shadow region, at least one molecule of the double strand possesses an
orientation angle that is larger than 22°, in contradiction to the experimen-
tal observations.
FIGURE 11 The curves of h, molecule staggers, against  for   8°
and r  50 Å (– – –), and r  90 Å (——). In the crystal the stagger is a
constant, 32 Å. In a fiber it changes with variation of structural parameters
, r, and .
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To calculate interaction energies within DSF accurately,
a full atomic description of HbS molecules should be used,
and all energy terms, including ionic interactions, H-bonds,
and interaction with water molecules, should be taken into
consideration. The method of transformation of DSX into
DSF that we have developed in this paper can provide initial
values of molecular positions and molecular orientations
within a DSF for these energy calculations.
The method developed in this paper cannot predict the
conditions under which the various aggregates form, be-
cause it does not consider the interactions among the double
strands. A complete model for the HbS fiber, including all
interactions among the double strands, can now be built by
using as the building blocks the double strands constructed
here. That model will allow a complete enumeration of the
interactions among HbS molecules in the fiber.
APPENDIX
Calculation of the position of molecule T0
The mass centers of the molecules S0, T0, and S1 of a DSX were located
at s0, t0, and s1 in the fiber reference system XYZ as shown in Fig. 12 a,
where the intermolecular distance s0t0 is equal to that of t0s1. After a helical
rotation by the subunit twist , the molecules T0 and S1 are moved to t0 and
s1 respectively, leaving the molecule S0 at s0 as a reference point. The
points s0, s1, and s1 are on the surface of cylinder S with a radius of Rs,
equal to the distance between molecule S0 and the fiber axis. The points t0
and t0 are on the surface of cylinder T with a radius of Rt. After this rotation
t0 is usually not equidistant from s0 and s1. To satisfy restraint (2), the
center of molecule T0 must be moved from t0 to t0 on the surface of
cylinder T to have s0t0  t0s1  d, the expected lateral molecule distance
in a DSX.
The coordinates of the centers of molecules T0 and S1 in DSF, or of the
points t0 and s1 in Fig. 12 a, were derived in a cylindrical reference system.
The fiber system in Fig. 12 a was adjusted so that the coordinates of point
s0 become (Rs, 0, 0). And accordingly, those of points t0 and s1 in the same
system are (Rt, , h) and (Rs, , a), respectively, where  is the subunit
twist and a is the subunit rise. Rs and Rt, the radial distances of two
molecular strands, are determined uniquely by the structural parameters r







sin  /2 (A1)
a arc cos P/2 (A2)
where
B RsRt sin/2 (A3)
P
a2
4Bcot2 2  4Rt2a2  4Rs2a2  1 16B2a 4  4d 2a2  cot 2
(A4)
Usually we have two solutions for h and , and one closer to t0 in Fig. 12
a is chosen as the final solution. When r and/or  are large and  is close
to 0° or 180°, a small adjustment (less than 0.4 Å) of Rt is needed to
guarantee the existence of the solutions for h and .
It is easy to convert the coordinates of points t0 and s1 in the cylindrical
system, (Rs, , a) and (Rt, , h), to those in a Cartesian local system in Fig.
12 a. They are (x2, y2, z2) and (x3, y3, z3), respectively.
Eulerian angles
It is convenient to discuss the rotations of a reference system in terms of
Eulerian angles instead of those of a rigid body. Two local reference
systems with a common origin, xyz and xyz, are shown in Fig. 12 b. The
mass centers of the deformed double strand are placed on plane xoy, with
FIGURE 12 (a) Position of molecule T0 in DSF. (b) The two local
reference systems with Eulerian angles.
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molecule S1 on the axis ox. Three points of the target are on plane xoy,
with s1 on the axis ox.
As shown in Fig. 12 b, the rotations of reference system o-xyz to o-xyz
consist of a rotation by 	1, contained between oy and oP, about the axis ox;
a rotation by 	2, contained between ox and ox, about the vector oP; and a
rotation by 	3, contained between oP and oy, about the axis ox. The
values of the angles may be obtained from the directional cosines of their
starting and end vectors. The directional cosines of ox, oy and ox are (1,
0, 0), (0, 1, 0) and (x3/L, y3/L, z3/L), respectively, where (x3, y3, z3) are the
coordinates of point s1, and L is the length os1.
The directional cosines of vectors oP and oy could be obtained from
equations of related planes. The equation of plane yoz is simple:
x 0 (A5)
The equation of plane yoz, passing through the origin and perpendicular
to the axis ox, is
xx3 yy3 zz3 0 (A6)
The equation of the vector oP, the common line of plane yoz and yoz, is










The equation of plane xoy, passing through three points o (0, 0, 0), t0 (x2,
y2, z2), and s1 (x3, y3, z3), is
xy3z2 y2z3 yz3x2 z2x3 zx3y2 x2y3 0 (A8)
The canonical form of the equation of axis oy, the common line of plane












1 z3z3x2 z2x3 y3x3y2 x2y3
m x3x3y2 x2y3 z3y3z2 y2z3
n y3y3z2 y2z3 x3z3x2 z2x3
(A10)
Equations A7 and A9 give the directional cosines of 0P and 0y as (0,  z3,
y3) and (l, m, n), respectively.
The Eulerian angles are given by the equations of their initial and final
vectors as follows:
	1 arccos z3y32 z32	 (A11)
	2 arccos x3x32 y32 z32	 (A12)
	3 arccos ny3 mz3l2 m2 n2y32 z32	 (A13)
The direction of the angle depends on the handedness of the system,
comprising the rotating axis, and initial and final vectors. It is positive for
a right-handed system and negative for a left-handed system. Finally, we
have
	1  	1, when y3
 0	1, when y3 0 (A14)
	2 	2 (A15)
	3  	3, when l
 0	3, when l 0
(A16)
	2 is special because it has a different range, 0  	2  .














where C and S indicate cos and sin, respectively, and 1, 2, and 3 indicate
	1, 	2, and 	3, respectively.
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